Introduction
The solubility of solids in mixtures with one or more liquid solvents plays an important role in the design and production of traditional chemical and pharmaceutical products.
While solubilities of solids in single solvents have been reported extensively [1] [2] [3] , the literature has fewer data on solubilities in mixed solvents. The dependence of these solubilities on solvent composition can be quite complex, ranging from linear to having extrema.
Previously we have presented a method for predicting the solubility of a single solute in pure and mixed solvents 4, 5 . That method was based on a 'reference solvent', in which the solubility is known and used to predict the solubility of the same solid species in other solvents. The method used differences between infinite dilution activity coefficients of the solute in different solvents, which might be calculated from group contribution methods such as UNIFAC. However, the selection of reference solvent is mostly empirical and substantial numbers of parameters may need to be determined from fitting to experimental data.
There are several other cosolvency models employed in the literature 6 . Such models express the solubility of the solute as a power series of the solute-free composition of the solvent using molecular descriptors. A method based more directly on fundamental theory may provide a more generalizable application especially as measurements of solid solubility data are now appearing frequently in the literature.
Here we provide an approach for correlating and estimating the 'excess' solubility or 'excess' Henry's law constant of a single solute in mixed solvents based on a solution theory arising from statistical mechanics 7, 8 . Previously 9 a similar approach was taken to gas solubilities in mixed solvents. First, we give some basic definitions and expressions.
Second, we present results of correlation and prediction of solubilities in mixed solvents 2 
Thermodynamic Framework
The 'excess' solubility is defined
where x denotes a mole fraction on a solute-free basis. x i,j is the mole fraction solubility of species i in pure solvent j, and x i,m is the solubility of solute i in a mixed solvent. Using
Lewis/Randall normalized solute liquid-phase activity coefficients (γ i ), the solubility of a species, i, in a pure and mixed solvent can be written 10
The right-hand side of equation (2) does not depend on the nature of the solvent(s). It is a function only of the pure solute's melting properties. If the solubility in mole fraction is smaller than 0.01, the activity coefficient of equation (2) can usually be approximated as the infinite dilution value, γ ∞ i , and equation (1) may be written in terms of the infinite dilution Lewis/Randall normalized activity coefficients. With this approximation, inserting equation (2) into equation (1) gives
The 'excess' Henry's law constant 10,11 is defined by an equation similar to equation (1) ln
Thus,
ln wrote the results in a more general and convenient matrix form, including formal expressions for multicomponent systems. The total correlation function integral (TCFI) between components i and j is
where g is the radial (pair) distribution function between molecular centers of i and j, ρ is the bulk molecular solution density, and v is the volume. The quantity
is called the total correlation function, and describes the overall correlation between i and j minus the bulk solution average of unity. Using this, exact expressions for composition derivatives may be written in terms of the TCFI. For a binary, one useful result is 9
where the f -matrix is defined as
The composition dependence of H ij is generally not known, so integrating equation (7) to obtain the activity coefficient is not possible. Alternatively, the activity coefficient may be expanded about a reference state of infinite dilution
If equation (9) is assumed valid over the entire solvent composition range, the excess Henry's law constant of a single solute (1) in a mixed binary solvent (species 2 and 3) can 4 be expressed as 9 ln
Here + denotes infinite dilution of the solute in the mixed solvent and 0 indicates infinite dilution in the single, pure solvent. The first term on the right-hand side of equation (10) is correct to all orders of equation (9) . Thus, its contribution is not empirical. It may be calculated from any G E -model. Similarly, f + 23 may be found from a rearranged form of equation (7), i.e.
While f 
The radial distribution function between components i and j is a measure of their total correlations, including indirect effects. The fact that f + 12 and f + 13 are differences, suggests that this approximation is reasonable except when solution density varies strongly with solute-free composition. This is rarely the case with solvent mixtures. The result is that the expression of the excess solubility in equation (1) simplifies to
The factors in equation (13) -f 0 12 and f 0 13 -can be found from linear regression. This technique minimizes a sum of squared residuals,
The vector β is the f 0 12 and f 0 13 values relevant to the problem considered. The elements of the residual vector, r, are
Here circumflex denotes a calculated value using equation (13) . The linear estimation problem in equation (14) has a unique solution which is computationally favorable. Estimated variances of the parameters can be obtained from a variance-covariance matrix 12 .
We have used the diagonal terms of the variance-covariance matrix in a propagation- 
Results
Combination of equations (5) and (10), allows us to reduce experimental excess solubility data for solid solutes in binary, mixed solvents. We have compiled 40 data sets of 5 solutes in a variety of solvent mixtures, ranging from almost ideal to strongly non-ideal solutions. 
Excess Solubility in Binary Mixed Solvents -Correlation
For parameter estimation all data sets in Table 1 are used. The rightmost column of Table 1 lists the average absolute deviation of the regressed mixtures, computed as
excluding the pure solvent endpoints. Parameters and standard deviations from regressing experimental data are shown in Table   2 . Figure 2 shows two systems where the solute-free binaries form nearly ideal solutions.
The agreement is more qualitative, and certainly not as good as shown in Figure 1 . Extensive examination of solute-free binaries 15 show that a maximum in f 
Excess Solubility in Binary Mixed Solvents -Prediction
To test the predictive capability of the approach, Figure 4 shows an example of two moderately successful predictions of data sets 15 and 17 in Table 1 . The excess solubility prediction of Figure 4 require measured solubility data in four systems for estimation of the parameter values between beta carotene and each of the solvents. The parameters used in Figure 4 are based on simultaneous reduction of the sets 13, 14, 16 and 18, giving the f 0 1j values for beta carotene (1) with j = acetone (1.88 ± 0.47), toluene (10.36 ± 3.97), MEK (6.14 ± 0.69) and hexane (2.87 ± 0.50). These parameters are different from those in Table 2 , because prediction is tested here. Figure 4 shows trends of the excess solubility which are qualitatively correct and the experimental results are within the error bars. Table 3 shows values of estimated parameters for paracetamol (solute) with four different solvents estimated from four different sets of measured data, labeled I-IV. The sets of data in I are 3 and 6 from Table 1 giving parameter values for predicting the excess solubility in sets 1, 4 and 5. We have excluded set 2 in this procedure because dioxane only appears in a single data set. Similar combinations of training/testing sets may be built as shown in Figure 5 . On the left is shown the data sets used for estimation of the paracetamol/solvent parameter values. These are then used to predict the excess solubility in the mixtures shown on the right. The estimated parameter values are listed in Table   3 according to their position in Figure 5 . Table 3 shows that the procedure chosen from Figure 5 requires relatively little alteration of the parameter values, except for that characterizing paracetamol with methanol. However, the standard deviation for this system is significantly larger compared to the others. These results suggest that the method can reproduce consistent parameter values using different combinations of data from different sources. Figure 6 shows examples of the predicted excess solubility of paracetamol in two solvent mixtures. The estimates in Figure 6 (a) were made from procedure I of Figure   5 and 6(b) using method IV. Although several data points are outside the range of the prediction intervals, the trends are correct. In particular, the asymmetry of the curve of 
Extension to Multicomponent Solvent Mixtures
Application of the method to mixtures containing more than two solvent species requires a revision of the compositional dependence of the solute activity coefficient. The expansion of the activity coefficient about a reference state of infinite dilution in equation (9) Higher order derivative terms can be found from the expansion in equation (9), a change in variables, and differentiation of the expression obtained for the derivative.
Conclusions
A theoretical modeling framework has been used to correlate and predict the excess Table 3 . Estimated parameter values (standard deviation in parenthesis) between paracetamol and solvents. Numerals I-IV refer to values obtained from regression of different sets of experimental data as in Figure 5 . 
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